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A method of creating pseudopure spin states in large clusters of coupled spins is described. It is based on
filtering multiple-quantum coherence of the highest order, followed by a time-reversal period and partial
saturation. Experimental demonstration is presented for a cluster of six dipolar-coupled proton spins of a
benzene molecule in a liquid crystalline matrix, and the details of spin dynamics are studied numerically.
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I. INTRODUCTION

At present, the largest systems for experimental quantum
information processing(QIP) can be explored with nuclear
magnetic resonance(NMR) [1,2]. With liquid-state NMR,
quantum algorithms for up to seven quantum bits(spins 1/2)
have been implemented[3]. The first step of quantum algo-
rithms is usually the state initialization or preparation of a
pseudopure state[1,2]. Conveniently, the algorithms start
with a pseudopure ground state with equal populations of all
states except the ground state. Until now, all practical
schemes used transition-selective or qubit-selective pulses
for state initialization. Therefore, the size of a spin system
that can be prepared in a pseudopure state has been limited
by spectral resolution. For anN-spin system, the number of
quantum levels 2N grows very fast with an increasing num-
ber of spins, and the number of peaks in the NMR spectrum
increases even faster. As an example, the maximum number
of peaks forN dipolar-coupled spins iss 2N

N+1
d,22N. The num-

ber of operations(length of a pulse sequence), needed for
state preparation also grows exponentially with the number
of spins. With multifrequency irradiation, it is possible to
arrange a more efficient simultaneous evolution of all popu-
lations to desired values[4]. However, this approach also
requires a well-resolved spectrum.

Compared to the thermal equilibrium state, which con-
tains all quantum states, the highest-order multiple-quantum
(HOMQ) coherence is built of only two states,uul and udl,
where uul is the state with all spins up andudl is the state
with all spins down. The relation between the HOMQ coher-
ence and the maximally entangled “cat” statesuul+ udldskuu
+kdud has been discussed in[5], where the HOMQ coherence
has been used to build a pseudopure ground state of a six-
qubit subsystem in a system of seven qubits. The imple-
mented logic circuit used qubit-selective pulses and required
a resolved spectrum. At the same time, there exist efficient
techniques for exciting multiple-quantum(MQ) coherences
[6–8], which use sequences of nonselective hard pulses and
can be applied to systems with unresolved spectra. Here we
describe a scheme for creating pseudopure states, which does
not require a resolved equilibrium spectrum and can be ap-
plied to larger and more complex spin systems.

II. EXPERIMENT

The experiment consists of the following steps:(1) exci-
tation of multiple-quantum coherences(preparation period),

(2) filtering the HOMQ coherence,(3) time-reversal period,
and (4) partial saturation. There are many pulse sequences
exciting multiple-quantum coherences during the preparation
period. For a dipolar-coupled spin system, the multipulse se-
quence with an eight-pulse cycle[6] is known to be very
efficient. It creates the double-quantum effective Hamil-
tonian

Hav = H+2 + H−2 = −
1

2o
i, j

DijsI i+I j+ + I i−I j−d, s1d

whereI±= Ix± iI y andDij ’s are the dipolar coupling constants.
This effective Hamiltonian excites MQ coherences of even
order. The HOMQ coherence can be excited in clusters of
2+4n sn=0,1,2, . . .d coupled spins. In finite clusters, inten-
sities of individual MQ coherences oscillate. The total dura-
tion of the pulse sequence is adjusted to correspond to one of
the maxima of HOMQ coherence. A combination of phase
cycling and 180° pulse is used to average out all MQ coher-
ences except the HOMQ coherence[9]. The deviation den-
sity matrix after this temporal averaging isisuulkdu−udlkuud.
Then the time-reversal period of the same duration follows.
The pulse sequence for this period is the same except that the
phases of all pulses are shifted by 90°. This sequence creates
the effective Hamiltonian −Hav. After the time-reversal pe-
riod, off-diagonal elements of the density matrix are small if
the duration of the preparation period corresponds to a maxi-
mum of HOMQ intensity. Then, from the conservation of
Trhrj, Trhr2j, and Trhr2Hav

2 j during the unitary time-reversal
period we conclude that the deviation density matrix be-
comesuulkuu− udlkdu. Our computer simulation of the dynam-
ics of this system showed that when the preparation time
corresponds to one of the major maxima of the HOMQ in-
tensity, the HOMQ coherence is practically ideally converted
into the stateuulkuu− udlkdu after the time-reversal period of
the same duration. The details of this simulation for a six-
spin ring system will be discussed later.

The stateuulkuu− udlkdu is a mixture of two states, which
means that a nonunitary operation is needed to prepare the
pseudopure ground stateuulkuu. We used partial saturation,
which redistributes the excessive population of the state
udlkdu among other states but does not change the population
of the stateuulkuu. Irradiation with a wide spectrum causes
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single-quantum transitions between states and equalizes the
populations. If this irradiation does not contain frequencies
of transition from the ground state, the population of the
ground state remains “trapped.” It is not necessary that the
spectrum of irradiation includes all the transition frequen-
cies. Most of the states are connected, by single-quantum
transitions, to many other states and the excessive population
of the stateudlkdu would leak to other states even if not all
single-quantum transitions are excited. In our experiments
we used shaped Gaussian pulses for this type of partial satu-
ration. It should be noted that the partial saturation is only an
approximate method of preparing a pseudopure state. How-
ever, the quality of the state can be sufficiently high, as it is
demonstrated in our experiment.

Linear-response spectra corresponding to pseudopure
states can be useful for the state identification because they
contain a smaller number of peaks than equilibrium spectra.
As an example, for the pseudopure ground state, the linear-
response spectrum has no more thanN peaks. It can be well
resolved and used for the state identification in very large
systems of coupled spins. Steps 1–3 of our scheme do not
require a resolved spectrum. However, for step 4, it is nec-
essary that single-quantum transitions from the statesuul and
udl are well separated.

The physical system we used was six dipolar-coupled pro-
ton spins of a benzene molecule dissolved in liquid crystal
ZLI 1167. The details of the sample preparation and the pa-
rameters of spin Hamiltonian are described elsewhere[10].
The experiments have been performed with a Varian Unity/
Inova 500 MHz NMR spectrometer. The pulse sequence for
preparation of the pseudopure ground stateuulkuu is dis-
played in Fig. 1. The 90° pulse duration was 4.46ms, the
intervals between pulses wereD=5.54ms, D8=15.54ms,
and the number of cyclesn for both preparation and time-
reversal periods was 20. Each of the gradient pulsesG had
duration of 2 ms and amplitude 1.25 G/cm. The frequency
of the two shaped Gaussian pulses was centered at the fre-
quency of the single-quantum transition from the stateudlkdu.
Both of the shaped pulses had 1.5 ms duration and maximum
amplitudegB1/2p=1.5 kHz. The pulseR is a small-angle
reading pulse with a flip angle of 5°.

The spectrum at thermal equilibrium is shown in Fig.
2(a). The positions and intensities of 76 peaks are determined
by dipole-dipole interactions between six proton spins of the
benzene molecule[11]. For this comparatively small system

the spectrum is well resolved. However, it is virtually impos-
sible to use selective pulses for manipulating the states, be-
cause the length of a single selective pulse would be compa-
rable to spin-lattice relaxation timeT1, which is 3.3 s in this
system.

The linear-response spectrum corresponding to the state
uulkuu− udlkdu is presented in Fig. 2(b). For this state, the
deviation density matrix consists of only two elements, one
positive and one negative. Due to the high symmetry of a
benzene molecule, there is only one allowed single-quantum
transition from each of the two states,uulkuu and udlkdu. The
spectrum was obtained with a small-angle reading pulse
which satisfies a linear-response condition and gives intensi-
ties of the peaks proportional to the differences of the popu-
lations. A large-angle pulse produces for this state a spectrum
that includes single-quantum transitions between all levels
with the total spinS=3. Our simulation of the dynamics of
this spin system with the effective HamiltonianHav=H+2

+H−2 showed that up to 15% of the initial intensity can be
converted into six-quantum coherence. The total intensity of
the two peaks in Fig. 2(a) is about 11% of integral intensity
of the thermal equilibrium spectrum. The peaks are about 1.8
times higher than the corresponding peaks in the equilibrium
spectrum. Since we used a small-angle reading pulse to iden-
tify the states, we used the same small-angle pulse for excit-
ing the equilibrium spectrum, so that the peaks’ intensities
could be compared.

FIG. 1. Scheme of the pulse sequence for creating the
pseudopure ground state.

FIG. 2. (a) Conventional1H NMR spectrum of benzene in liquid
crystal; (b) linear-response spectrum for the stateuulkuu− udlkdu; (c)
linear-response spectrum for the pseudopure ground-state state
uulkuu; flip angle of the reading pulse was 5° for all spectra.
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The central frequency of the saturating Gaussian pulses
was set to the frequency of single-quantum transition from
the stateudlkdu [the left peak in Fig. 2(b)]. The spectrum of
the saturating pulse covers mostly the left side of the spec-
trum, while the intensity at the frequency of transition from
the stateuulkuu [the right peak in Fig. 2(b)] is very small. As
one can see in Fig. 2(c), the population of the stateuulkuu is
practically unaffected by the saturating pulses. The peak in-
tensity is 5.5% of the integral intensity of the thermal equi-
librium spectrum. The theoretical maximum[12] N2−N is
9.3% for our system. The linear-response spectrum in Fig.
2(c) is consistent with the pseudopure ground state, with the
deviation density matrixuulkuu having been created. It should
be noted that the spectra in Figs. 2(b) and 2(c) are not
multiple-quantum spectra. They are conventional single-
quantum linear-response spectra for unusual and strongly
correlated spin states.

III. SIMULATION

The computational power of a quantum computer(QC)
comes from the high dimensionality of the corresponding
Hilbert space, which increases exponentially with the num-
ber of qubits. This makes a classical computer inefficient in
simulating a quantum one[13]. At present, the experimental
state of the art simulation is the implementation of the quan-
tum factoring algorithm with a seven-qubit system, using a
liquid-state NMR technique[3]. The dynamics of a system of
this size is too complicated for analytical description. At the
same time, experimentally realizable QCs are still small
enough to be easily simulated with classical computers. To-
day, a supercomputer can simulate quantum systems with up
to 15 qubits[14]. This means that a simulation with a clas-
sical computer remains a useful tool at the current level of
progress in experimental QIP.

Experimental realization is affected by various imperfec-
tions that are hard to eliminate, control, or take into account.
The goal of this simulation was to find theoretical efficien-
cies of all steps of the density matrix conversion and to see
how precise, in the ideal situation, can be a conversion of the
HOMQ coherence into the diagonal stateuulkuu− udlkdu. The
simulation has been performed with a PC using theMath-
ematicapackage. Since the experimental realization has been
demonstrated for a system of six dipolar-coupled proton
spins of a benzene molecule in liquid-crystalline matrix, we
have chosen a system of six spins 1/2, arranged as a regular
hexagon. Therefore, the ratios of the dipole-dipole coupling
constants are given by

D12:D13:D14 = 1:
1

3Î3
:
1

8
, s2d

whereD12, D13, andD14 are the dipolar coupling constants
between nearest neighbors, next-nearest neighbors, and spins
at opposite sites, respectively. The density matrix at timet
after evolution with the Hamiltonian of Eq.(1) is given by

rstd = exps− iHavtdrs0dexpsiHavtd. s3d

For our scheme of the pseudopure state preparation, two
cases are of particular interest: when the initial density ma-

trix is the thermal equilibrium state,rs0d= Iz, and when it is
the six-quantum MQ coherence,rs0d= isuulkdu−udlkuud. After
calculating the evolution[Eq. (3)], we grouped the terms in
rstd according to their MQ ordern:rstd=onrn, and used
Trhrn

2j as a convenient measure of the intensities of the MQ
coherences of different orders. It should be noted that the
evolution of the MQ coherences in a six-spin ring, with the
Hamiltonian of Eq.(1) and the thermal-equilibrium initial
state, has been simulated previously[15]. The results of our
simulation coincide with the dependences obtained in Ref.
[15].

The experimental goal is to make the diagonal part of the
density matrix as close as possible to the matrix with only
two elements:uulkuu− udlkdu. The off-diagonal elements, if
there are any, can be easily eliminated by a gradient pulse or
phase cycling. Figure 3 simultaneously displays the time de-
pendences of the six-quantum(6Q) intensity for the thermal-
equilibrium initial state; and the total zero-quantum(0Q) in-
tensity and a sum of the intensities of two elements,uulkuu
and udlkdu, for the 6Q initial condition. One can see that at
the evolution times when the 6Q intensity reaches one of its
major maxima, the intensity of the two diagonal states coin-
cides with the total 0Q intensity, i.e., no other elements are
created on a diagonal of the deviation density matrix. The
evolution time that has been used in the experimental real-
ization, 0.969/D12, is shown by the arrow in Fig. 3. This
time, obtained by optimizing the experimental performance,
is very close to the time 0.973/D12, when the three simulated
dependences in Fig. 3 simultaneously reach their maxima.
The overall efficiency of converting the thermal equilibrium
state into the stateuulkuu− udlkdu, which is the product of the
efficiency of converting the equilibrium state into 6Q(14%)
and that of changing 6Q intouulkuu− udlkdu (72%), is in a
perfect agreement with the experimental value of 11%.

FIG. 3. The intensity of the 6Q coherence(thick line) for the
thermal-equilibrium initial state; the total intensity of 0Q coherence
(dashed line) and the sum of intensities of the two diagonal ele-
mentsuulkuu and udlkdu (thin line) for the 6Q initial state. Time is in
units of 1/D12.
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IV. DISCUSSION

As seen in Fig. 2, for the pseudopure ground state, we
observed an increase in intensity of the individual peak by a
factor of 1.8 compared to the thermal equilibrium spectrum.
On the other hand, the peak intensity for the pseudopure state
was close but smaller than the corresponding peak for the
equilibrium state in Ref.[5], in which the HOMQ coherence
was originated from a single-spin magnetization. In our case,
the magnetization of all spins contributes to the HOMQ co-
herence. Since it has been known that selective excitation is
more efficient to excite multiple-quantum coherence of spe-
cific order [8], an even higher increase in intensity may be
achievable. Still, it should be noticed that the total signal
intensity decreases with an increasing number of qubits in
NMR QIP with thermal ensemble[12].

As mentioned above, there exist no more thanN peaks in
the spectrum of the pseudopure ground state. The spectrum

can be well resolved even for very large clusters of coupled
spins. Starting with this simplified spectrum, it is possible to
apply selective pulses for manipulating individual states and
observing their dynamics. As an example, relaxation and de-
coherence of individual quantum states can be measured
with our method, and such experiments are in progress.

High efficiency of the proposed scheme makes it possible
to increase a size of spin systems with individually address-
able quantum states. We believe that this technique can be
applied to larger spin clusters with truly unresolved conven-
tional spectra and will help to experimentally explore quan-
tum decoherence and relaxation of individual quantum states
in such systems.

ACKNOWLEDGMENTS

This work was supported by Kent State University and
the US-Israel Binational Science Foundation.

[1] D. G. Cory, A. F. Fahmy, and T. F. Havel, Proc. Natl. Acad.
Sci. U.S.A. 94, 1634(1997).

[2] N. Gershenfeld and I. L. Chuang, Science275, 350 (1997).
[3] L. M. K. Vandersypen, M. Steffen, G. Breyta, C. S. Yannoni,

M. H. Sherwood, and I. L. Chuang, Nature(London) 414, 883
(2001).

[4] A. Khitrin, H. Sun, and B. M. Fung, Phys. Rev. A63, 020301
(2001).

[5] E. Knill, R. Laamme, R. Martinez, and C.-H. Tseng, Nature
(London) 404, 368 (2000).

[6] J. Baum, M. Munowitz, A. N. Garroway, and A. Pines, J.
Chem. Phys.83, 2015(1985).

[7] D. Suter, S. B. Liu, J. Baum, and A. Pines, Chem. Phys.114,
103 (1987).

[8] W. S. Warren, D. P. Weitekamp, and A. Pines, J. Chem. Phys.
73, 2084(1980).

[9] C. P. Slichter,Principles of Magnetic Resonance(Springer,
New York, 1996).

[10] A. K. Khitrin and B. M. Fung, J. Chem. Phys.111, 7480
(1999).

[11] A. Saupe, Z. Naturforsch. A20A, 572 (1965).
[12] W. S. Warren, Science277, 1688(1997).
[13] R. Feynman, Int. J. Theor. Phys.21, 467 (1982).
[14] S. I. Doronin, E. B. Fel’dman, I. Ya. Guinzbourg, and I. I.

Maximov, Chem. Phys. Lett.341, 144 (2001).
[15] S. I. Doronin, I. I. Maksimov, and E. B. Fel’dman, J. Exp.

Theor. Phys.91, 597 (2000).

J.-S. LEE AND A. K. KHITRIN PHYSICAL REVIEW A 70, 022330(2004)

022330-4


